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Inspired by the complex influence of the globular crosslinking proteins on the formation of biofil-
ament bundles in living organisms, we study and analyze a theoretical model for the structure and
thermodynamics of bundles of helical filaments assembled in the presence of crosslinking molecules.
The helical structure of filaments, a universal feature of biopolymers such as filamentous actin, is
shown to generically frustrate the geometry of crosslinking between the “grooves” of two neighboring
filaments. We develop a coarse-grained model to investigate the interplay between the geometry
of binding and mechanics of both linker and filament distortion, and we show that crosslinking in
parallel bundles of helical filaments generates intrinsic torques, of the type that tend to wind bun-
dle superhelically about its central axis. Crosslinking mediates a non-linear competition between
the preference for bundle twist and the size-dependent mechanical cost of filament bending, which
in turn gives rise to feedback between the global twist of self-assembled bundles and their lateral
size. Finally, we demonstrate that above a critical density of bound crosslinkers, twisted bundles
form with a thermodynamically preferred radius that, in turn, increases with a further increase in
crosslinking bonds. We identify the stiffness of crosslinking bonds as a key parameter governing the
sensitivity of bundle structure and assembly to the availability and affinity of crosslinkers.
I. INTRODUCTION
Rope-like assemblies of filamentous biopolymers are
important and common structural elements in living or-
ganisms. Fibers of cellulose and collagen provide me-
chanical reinforcement of extra-cellular plant and ani-
mal tissue [1] while inside of eukaryotic cells, bundles
of cytoskeletal protein filaments – microtubles, filamen-
tous actin (f-actin) and intermediate filaments – are im-
plicated in an outstanding array of physiological pro-
cesses, from cell division and adhesion to motility and
mechanosensing [2]. Understanding the physical mecha-
nisms that underly the robust and high fidelity assem-
bly pathways of protein filaments is thus an important,
outstanding challenge with broad implications in biol-
ogy. Key questions revolve around the role played by
the myriad types of relatively compact, crosslinking pro-
teins that coassemble in parallel bundles and fibers of
certain protein filaments, the primary example of these
being parallel actin bundles [4, 5]. Though the intrinsic
properties of f-actin are largely conserved among differ-
ent cell types and species, the structural, mechanical and
dynamic properties of f-actin bundles are evidently quite
modular. For example, filopodial bundles [6, 7] that form
at the periphery of motile cells are loosely organized and
highly dynamical structures of rather limited diameter
(∼ 100 nm), while f-actin bundles formed in mechanosen-
sory appendages of the cochlea and inner ear [18] are
nearly crystalline in cross-section and quite large by com-
parison (∼ 1 µm). Recent experimental studies of paral-
lel actin bundles in vitro [8–13] demonstrate that to large
extent the mechanical and structural properties of bundle
assemblies can be attributed to the crosslinking proteins
as well as their interactions with the bundled filaments.
An important but unresolved question concerns the or-
ganization of crosslinks in the bundle and how this orga-
nization reflects structural features of the filaments them-
selves. In particular, protein filaments are universally
helical in structure [14], and by virtue of the helical dis-
tribution of binding sites, interactions mediated by pro-
teins crosslinking neighboring filaments must reflect the
underlying chiral nature of the assembly. Indeed, there is
numerous experimental evidence to show that crosslink-
ing actin in parallel bundles modifies the torsional state
of constituent filaments from their native, unbound ge-
ometry [11–13, 15–18]. The extent to which this heli-
cal twist is transfered more globally to the structure of
crosslinked actin bundles – as has been observed in su-
perhelical assemblies of fibrin [19] and collagen fibers [20]
– is presently unclear.
In this paper, we explore the fundamental interplay
between the helical structure of biological protein fila-
ments and intrinsic torques generated by self-organizing
distributions of crosslinks between filaments in regular
bundle arrays. Our task is to develop a generic theo-
retical model for the frustration that arises between the
regular in-plane organization of filaments in bundles and
the helical distribution of crosslinking sites along the fil-
aments. We seek to understand how this frustration can
be relieved at the expense of different types of mechan-
ical distortions of the filament assembly, in particular,
a global twist distortion of the parallel array. A num-
2ber of theoretical [21–23], computational [24] and exper-
imental [19] studies demonstrate that chiral filament in-
teractions which tend to twist bundled assemblies have
the important consequence of providing an intrinsic and
thermodynamic limitation to the lateral growth of bun-
dles. In the present study, we show that the helical dis-
tribution of crosslinking sites on the filaments gives rise
to a tendency for neighboring filaments to twist in or-
der to relieve the elastic cost of distorting crosslinks. In
turn, the tendency to twist filaments superhelically in the
bundle leads to a mechanical cost for growing the bun-
dle diameter that for sufficiently weak crosslink affinities
and sufficiently high crosslink densities becomes finite in
equilibrium.
Our approach to this problem is based on a general-
ization of the “worm-like bundle” model of crosslinked
filaments [25–27]. This semi-microscopic model treats
filaments as semi-flexible polymers decorated by discrete
arrays of sites to which elastic crosslinks between neigh-
boring filaments bind. This model has been success-
fully used to analyze the complex mechanical response
of crosslinked bundles to bend and twist deformations.
However, it does not allow to explore the consequences
of the helical filament structure for the bundle mechani-
cal and thermodynamical properties.
In the present study, we consider a model where
crosslink sites are located along helical “grooves” on the
filaments, which are characterized by bending and tor-
sional stiffness. Modeling the elastic cost of linker dis-
tortions, we show that crosslinking between helical fila-
ments leads to a energetic preference to align the oppos-
ing grooves of crosslinked filaments. Depending on the
relative stiffness of the linker and the filaments we find
two different regimes: 1) a high-torque “groove-locked”
regime, where stiff crosslinks force the grooves into align-
ment, and 2) a low-torque “groove-slip” regime, in which
crosslinks are not stiff enough to enforce this alignment
and cannot unwind the filaments from their native state
of twist. Though of a distinct microscopic origin, we find
that in the groove-locked regime linker-mediated inter-
actions lead to a similar elastic frustration as occurring
in “coiled-coil” assemblies of polypeptides [28]. Filament
pairs may align opposing grooves by either untwisting
the pitch of grooves themselves or by winding helically
around one another with the appropriate pitch.
Based on the intrinsic and non-linear torques generated
by crosslinking in helical filament bundles, our model
makes two important predictions. First, we predict that
subject to an external torque self-assembled bundles of
crosslinked helical filaments exhibit non-linear torsional
response that is highly-sensitive to both the intrinsic
helical geometry of filaments as well as the fraction of
bound crosslinks, ρ. Second, we show that the compe-
tition between the linker-generated torques and the me-
chanical energy of bending filaments in superhelical bun-
dles gives rise to the formation of self-limited bundles
when the crosslink fraction is larger than a critical value
ρc, which is itself determined by the ratio of bending
cost of helically winding a pair of filaments to the tor-
sional cost of unwinding the intrinsic twist of the helical
grooves. A primary conclusion of this study is that finite-
diameter bundles of helical filaments form preferentially
when crosslinks are highly resistant to in-plane shear dis-
tortions and filaments have a large torsional stiffness rel-
ative to the bending modulus.
This article is organized as follows. In Sec. II we intro-
duce our model of crosslinked helical filament assemblies
and in Sec. III we derive the form of the linker-mediated
torsional energy of filament bundles. In Sec. IV we de-
termine the dependence of bundle twist on bundle size,
as well as the torsional response of self-assembled bun-
dles. In Sec. V we predict the thermodynamic behavior
of crosslinked filament assemblies in terms of the density
and binding energy of crosslinks in the bundle. Finally,
we conclude with a discussion of our results in the context
of biological filament assemblies.
II. MODEL OF CROSSLINKING IN HELICAL
FILAMENT BUNDLES
A. Geometry of Crosslinked Helical Filament
Bundles
To describe the interaction between crosslinking in par-
allel bundles and the helical geometry of constituent fila-
ments, we introduce the following coarse-grained model,
depicted schematically in Fig. 1. In the cross-section
(“in-plane”), the bundle is organized into a hexagonal
array, with the center-to-center spacing of neighbor fila-
ments, d. Crosslinkers bind to neighboring filaments in
parallel bundles, and reflecting the helical symmetry of
the filament, the ends of crosslinks are located at dis-
crete points on helical grooves on the filaments. In the
most general case, helical filaments possess a range of
groove geometries of differing helical symmetry. For the
purposes of the following analysis, we focus on the sim-
ple case where binding sites are located on double-helical
grooves, which are perfectly out of phase (180◦ between
grooves). The crosslinking sites are linearly spaced by
a vertical separation, σ−1, along the filament backbone
direction, and the pitch of each helical groove is defined
to be 2π/ω0.
Albeit simpler, this double helical geometry is not un-
like the two-start helical structure of f-actin [29], whose
grooves rotate at a rate ω0 = 2πσ/13 in the native state
of twist and σ−1 ≃ 5.7 nm represents the vertical dis-
tance separating 2 actin monomers along the same bi-
helical groove. While in actin filaments, the monomers
on opposing grooves are off-set vertically by σ/2, the
present simplified model has the advantage that in the
lowest energy state, which allows for maximal crosslink-
ing, all filaments maintain the same axial “orientation”,
meaning that grooves in each vertical plane are aligned
along the same direction. Certainly, the analysis may be
extended to address groove geometries that lead to non-
3FIG. 1: Illustration of the bundle geometry. Filaments are arranged on the sites of a two-dimensional hexagonal lattice. Discrete
crosslink binding sites are regularly spaced along the filament backbone, respecting the double-helical structure of the filaments.
The binding sites on two neighboring filaments may be connected by crosslinkers. When bound, crosslink mediated torques
act to align the binding sites on the two filaments. Alignment can be achieved, either by filament twist φ′, where filaments
are untwisted from their native helical state, or by bundle twist, where filaments superhelically wind around the center of the
bundle. Misaligned binding sites imply an elastic cost for the crosslinkers, which we parametrize in terms of the angle difference
ψ with the optimal alignment and the associated “in-plane” shear deformation ∆⊥ ∼ aψ.
trivial, inter-filament correlations, as has been done in
ref. [30], but our purpose here is to analyze the simplest
model describing the interplay between helical geometry
of filaments and the inter- and intra-filament torques that
arise in crosslinked parallel bundles.
In parallel bundles, crosslinks bind selectively to pairs
of sites which are closest in separation (see Fig. 2), which
in our model occur when grooves on any neighbor fil-
ament “cross”, and the orientation of the groove at a
given plane is perfectly aligned with the in-plane vec-
tor separating the neighbors. For perfectly straight fil-
aments with native twist, such a crossing occurs every
π/ω0 along the backbone between any neighbor pair, and
over a distance 2π/(6ω0), the crossing rotates from one
of the six neighbors of a given filament to the next. Here,
we will consider the case where the fraction, ρ, of occu-
pied crosslinking sites in the bulk of the bundle is fixed.
By the assumption of the minimal crosslink stretching,
crossing points are populated first, followed by sites clos-
est to the crossing point, and so on, until a “binding
zone” representing the 60◦ wedge shared by any 2 neigh-
boring filaments is occupied with the appropriate number
of crosslinks (see Fig. 2).
B. Mechanics of Crosslinks and Twist Geometry of
Filaments and Bundle
To model the elastic cost of crosslinks that are poorly
aligned due to the helical distribution of sites we intro-
duce the following simple crosslink energy,
Elink = −ǫ+ k⊥
2
∆2⊥. (1)
Here, Elink is the energy of a single crosslinker in the bun-
dle, and −ǫ represents the “bare” energy gain for binding
between 2 perfectly aligned sites. The second term rep-
resents the elastic cost of shear distortions of crosslinks
away from the perfectly aligned geometry perpendicular
to the backbone orientations. Specifically, ∆⊥ represents
the in-plane shear as shown in Fig. 1. This model has
marked similarities with a model for contact between hy-
drophobic residues on α-helical polypeptide chains stud-
ied in ref. [31], and hence, our current model may also be
applicable to the study of coiled-coil bundles of α-helices.
Depending on the location of the crosslink in the bun-
dle, these distortions, ∆⊥, are purely determined by the
state of twist of constituent filaments as well as the global
twisting of the bundle itself. The twist of individual fila-
ments is described by the angle, φ(z), that describes the
orientation of the groove in the x − y plane of filament
packing. Hence, for the case of native filament twist,
φ′ = ω0. In addition to the “local” twist of individual
filaments, the bundle may twist as a whole described by
Ω, the rate at which in-plane lattice directions rotate
around z axis, the long axis of he bundle. Notice that in
this description, φ′ and Ω are decoupled by construction,
meaning that filaments may be twisted without the bun-
dle experiencing twist (φ′ 6= ω0 and Ω = 0) or the bundle
may be twisted without distortion the native symmetry
of the constituent filaments (φ′ = ω0 and Ω 6= 0) [34].
It is clear from this geometry (Fig. 1) that ∆⊥ is deter-
mined by the relative rotation of the grooves with respect
4to the bundle lattice directions. This relative rotation can
be measured by the angle,
ψ(z) = φ(z)− Ωz (2)
which gives the angle between the helical groove and the
nearest neighbor lattice separation as shown in Fig. 1.
From this we have the in-plane linker shear,
∆⊥ = 2a sinψ(z) ≃ 2aψ(z). (3)
When both φ′ and Ω are non-zero, the distance between
crossover points is determined by the distance over which
the relative angle rotates by 60◦. We will call this dis-
tance, ℓ, and refer to such a 60◦ wedge shared by 2 fila-
ments as a “binding zone” (see Fig. 2). It is straightfor-
ward to see that,
ℓ =
π
3〈ψ′〉 , (4)
where 〈ψ′〉 is the mean rate of relative rotation in this
span. Likewise, it is easy to see that of this zone, only
a length ρℓ centered around the crossover point will be
occupied with crosslinks.
Before analyzing the structural and thermodynamic
consequences of in-plane shear costs of crosslinking
bonds, we note that a superhelical twist of the bundle in-
troduces other, out-of-plane modes of crosslinker shear.
We discuss, in the Appendix, that a reorganization of
the crosslinking sites along the long axis of the bundle
allows linkers to trade a high elastic energy out-of-plane
shear cost for lower energy in-plane distortion. Further-
more, under this linker reorganization the elastic cost of
non-zero out-of-plane shear, ultimately contributes to the
total free energy of the bundle at higher order than the
leading-order, (ψ′)2, cost of in-plane shear derived be-
low and represents nominal modification to the forgoing
analysis.
III. ELASTIC FREE ENERGY OF HELICAL
FILAMENT BUNDLE TWIST
In this section, we consider a helical filament bun-
dle at a fixed, constant rate of bundle twist, Ω. The
aim is to integrate out the distribution of the individ-
ual crosslinks and the twist of filaments within a binding
zone to derive an effective free energy in terms of bundle
twist alone. ¿From this, we learn that crosslinking helical
filament bundles necessarily introduces intrinsic torques
which tend to wind the bundle superhelically in order to
reduce in-plane shearing of linkers.
Competing with the cost of crosslink shear, is the cost
for twisting individual filaments away from their native
helical symmetry,
Etorsion =
C
2
∫
dz(φ′−ω0)2 = C
2
∫
dz
[
|ψ′|2−2ψ′(ω0−Ω)+(ω0−Ω)2
]
.
(5)
FIG. 2: The binding zone is defined as the length ℓ, over
which the helical groove rotates by the angle π/6, which is
the angle between two lattice directions in the hexagonal lat-
tice. Crosslink sites are perfectly aligned, when the grooves
of two neighboring filaments point towards each other, shown
as a bold link in the figure. For a given linker density ρ,
the optimal binding configuration is obtained, when crosslinks
“fill-up” the binding zone starting from these aligned sites.
Here C is the torsional modulus of the filament and we
used eq. (2) to rewrite the filament rotation, φ, in terms
of the groove alignment angle ψ. We analyze the respec-
tive costs of linker shear and filament twist, by consid-
ering the profile of crosslinking occurring within a single
binding zone (shown in Figure 2). Within a binding zone
ψ(z) rotates by 60◦ as opposing grooves come into near
registry. Thus, if ℓ is the length of the binding zone along
the long axis of the bundle, then the cross term in eq. (5)
proportional to
∫ ℓ/2
−ℓ/2 dz ψ
′ = ψ(+ℓ/2)− ψ(−ℓ/2) = π/3
is fixed.
As shown in Fig. 2, at fixed fraction of bond
crosslink sites, ρ, linkers occupy a span of size ρℓ cen-
tered around the close contact between opposing heli-
cal grooves. Hence, for ℓ fixed, we may write the ψ-
dependence of the elastic energy of the binding zone (per
filament) in terms of the following functional,
F (ℓ) =
1
2
∫ ℓ/2
−ℓ/2
dz
[
C|ψ′|2 + Γ|ψ|2θ(ρℓ/2− |z|)
]
. (6)
where from eq. (3) we find that
Γ = 4k⊥a2σ, (7)
represents the effective pinning strength of the linkers
located at |z| ≤ ρℓ/2, which favor pinning the relative
orientation to ψ = 0. The minimal energy torsional state
5of the filament is determined by,
C
∂2ψ
∂z2
=
{
Γψ, |z| ≤ ρℓ/2
0, |z| > ρℓ/2 (8)
This equation, along with the boundary condition
ψ(±ℓ/2) = ±π/6, is satisfied by the following rotation
profile,
ψ(z) =
{
ψ0 sinh(
z
λ ), |z| ≤ ρℓ/2
ψ0 cosh(
ρℓ
2λ )
(z−ρℓ/2)
λ + ψ0 sinh(
ρℓ
2λ ), |z| > ρℓ/2
,
(9)
where
ψ0 =
π/6
cosh( ρℓ2λ )
(1−ρ)ℓ
2λ + sinh(
ρℓ
2λ)
. (10)
Here, λ =
√
C/Γ is a characteristic lengthscale defined
by the relative cost of filament twist and linker shear. It
is the lengthscale over which the filament twist can adjust
from its native rate to the value required in the binding
zone.
The twist profile within a binding zone is largely deter-
mined by the ratio of this elastic lengthscale to the size of
the binding zone. Some characteristic groove-slip profiles
ψ(z) are displayed in Figure 3. In the rigid filament limit,
where ℓ/λ ≪ 1, the solution is simply ψ(z) ≃ (πz/3ℓ),
which is equivalent to a homogeneously twisted state,
φ′ = ψ′ +Ω = const. This indicates a weak modification
of the filament twist due to crosslinker elasticity and we
refer to this as the limit of groove-slip.
In the opposite, rigid-crosslink limit, when λ≪ ρℓ, we
can show that
ψ(z) ≃
{
0, |z| ≤ ρℓ/2
π
3
z−ρℓ/2
ℓ(1−ρ) , |z| > ρℓ/2
(11)
In this second situation, referred to as the groove-locked
limit, the linker elasticity pins or locks the groove over
the region of occupied linkers. As a consequence the fila-
ment twist in this region follows the bundle twist, φ′ = Ω.
The rotation of the groove towards the next binding part-
ner is achieved over the reduced distance (1− ρ)ℓ, where
there are no crosslinks. There, the filaments rotate freely
according to a constant twist, φ′ = 〈ψ′〉/(1 − ρ) + Ω.
Accordingly, the filament twist energy will be minimized
when Ω = ω0 and 〈ψ′〉 = 0. We find below that this
twist profile results in a tendency to twist the bundle as
a whole.
The minimal energy solution for ψ(z), yields the fol-
lowing elastic energy for fixed ℓ,
F (ℓ)/ℓ =
Γ
2
(π
6
)2 sinh(ρℓ¯)/ℓ¯+ (1 − ρ) cosh2(ρℓ¯2 )[
cosh(ρℓ¯2 )ℓ¯(1− ρ)/2 + sinh(ρℓ¯2 )
]2 ,
(12)
where ℓ¯ = ℓ/λ. Recalling that the mean rate of twist is
related to the binding zone size by, 〈ψ′〉 = 2π/(6ℓ), the
F (ℓ)/ℓ has the following limits for groove-slip,
lim
ρℓ¯≪1
F (ℓ)/ℓ =
C
2
〈ψ′〉2 + Γ
2
(π
6
)2 ρ3
3
, (13)
and for groove-locked,
lim
ρℓ¯≫1
F (ℓ)/ℓ =
C
2
〈ψ′〉2
(1− ρ) , (14)
The physical interpretation underlying each limit is
straightforward. In the groove-slip regime the elastic en-
ergy is computed from the homogeneous rotation pro-
file, ψ(z) = 〈ψ′〉z which incurs a torsional cost per
unit length C2 〈ψ′〉2, as well as the cost of shearing the
bound crosslinks according to Γ
∫ ρℓ/2
−ρℓ/2 dz |〈ψ′〉z|2 ∝
〈ψ′〉2(ρℓ)3 ∝ ρ3ℓ. In the groove-locked regime, ψ = 0
where crosslinks are bound and the π/3 rotation is car-
ried over the unbound length, (1−ρ)ℓ, of the binding zone
for which ψ′ = 〈ψ′〉/(1 − ρ). Hence, the mean torsional
energy of eq. (14).
The final step in minimizing the elastic energy over
the filament torsion is accomplished by minimizing the
combined elastic and torsional energy density over ℓ for
fixed Ω to find the dependence of linker-mediated groove
interactions on bundle twist,
ftwist(Ω) = minℓ
[
F (ℓ)/ℓ−C〈ψ′〉(ω0−Ω)+ C
2
(ω0−Ω)2
]
.
(15)
In the limits described above it is is straightforward to
show,
〈ψ′〉∗ ≃
{
ω0 − Ω, ρℓ∗ ≪ λ
(ω0 − Ω)(1− ρ), ρℓ∗ ≫ λ (16)
where again, ℓ∗ = π/3〈ψ′〉∗. The second-line above
shows the clear preference of the groove-locked regime
to maintain contact between crosslinked and nearly par-
allel grooves on neighbor filaments over large distances,
ℓ∗ → ∞, as ρ → 1. Inserting these limiting cases into
eq. (15) we find a central result of our analysis, the free
energy of linker and filament elasticity in terms of Ω,
ftwist(Ω) ≃
{
Γ
2 (
π
6 )
2 ρ
3
3 , ρℓ∗ ≪ λ
ρC2 (Ω− ω0)2, ρℓ∗ ≫ λ
(17)
The full non-linear behavior for the coarse-grained free
energy (as calculated from eq. (15)) is shown in Figure 4.
In the groove-slip limit (ρℓ∗ ≪ λ) the linker-mediated
groove interactions become insensitive to bundle twist,
as the crosslinks are not stiff enough to noticeably affect
the state of twist of the individual filaments. In this case,
the elastic energy is set by the deformation of the flexible
crosslinks, ftwist ∼ Γ, but does not depend on the am-
plitude of the bundle twist Ω. Thus, increasing bundle
twist does not appreciably increase the cost of shear de-
formation in the crosslinks. Instead, the crosslinks reor-
ganize into new binding sites allowing them to maintain a
6FIG. 3: Plots of groove-slip profile for three different groove-slip lengths λ and a range of bound linker fractions: ρ =
0.125, 0.25, 0.5, 0.75 and 0.875. (Left) limit of groove-locked, (center) intermediate and (right) limit of groove-slip.
constant average crosslink deformation. This is possible,
as in hexagonal bundles the angle ψ = 2π/3 is an up-
per limit for the angle between two neighboring grooves,
independent of the size of the binding zone, ℓ. Accord-
ingly, the shear deformation ∆⊥ = 2aψ of the maximally
stretched linker cannot grow larger than 2aρπ/3, inde-
pendent of the bundle twist Ω.
In the groove-locked limit (ρℓ∗ ≫ λ) the energy scale is
set by the filament twist stiffness C. The linker-mediated
interactions lead to a preference to twist the bundle at
a rate equal to the intrinsic twist of filaments, Ω ∼ ω0.
This latter case reflects the fact that crosslinks on neigh-
boring filaments lock a span of length ρℓ into a par-
allel configuration. By rotating the interfilament posi-
tion at a rate Ω = ω0, these groove-locked domains on
neighbor filaments can be brought into coincidence with
the native, helical geometry of the untwisted grooves.
Therefore, a high degree of crosslinking by rigid link-
ers (ρℓ∗ ≫ 1) induces an intrinsic torque on the entire
bundle, which prefers the fiament lattice to rotate at
the rate of the helical grooves. The crossover between
groove-locked and groove-slip behavior can be related to
δΩ = Ω − ω0. Groove-locking occurs for |δΩ| . δΩc,
while groove-slip occurs for larger deviations from opti-
mal twist, |δΩ|, where,
δΩc ≡ ρ π
6
√
3λ
. (18)
Therefore, as shown in Fig. 4, the harmonic, linear-
elastic twist dependence of the linker elastic energy is
maintained for bundle twists near to the intrinsic rate of
groove twist, ω0, over range of twists that increases with
the fraction of bound crosslinks.
IV. PROPERTIES OF BUNDLES WITH
CROSSLINK INDUCED TORQUE
In the previous section we have derived the form
of the linker-induced elastic energy for global twist of
crosslinked bundles of helical filaments. We found that
crosslinks induce torques that tend to twist the bundle
as a whole. These intrinsic torques give rise to unusual
FIG. 4: Coarse-grained elastic free energy ftwist(Ω) as deter-
mined from eq. (eq: fgroove). The limiting forms of groove-
locked and groove-slip are indicated as dashed lines.
structural and mechanical properties for self-assembled
bundles, including a highly non-linear dependence of
bundle twist on lateral size and externally applied tor-
sional moment.
To demonstrate these properties, we consider
crosslinked bundles of semi-flexible helical filaments
with a twist-dependence described by eq. (15). The
additional mechanical costs of filament bending can be
described by the following simple elastic energy,
Ebend =
K
2
∑
i
∫
ds κ2(ri). (19)
where K is the bend modulus and κ ≃ Ω2|ri| is the cur-
vature of the ith filament in a twisted bundle. Averaging
over a cylindrical cross-section of radius R, we obtain a
free energy per unit filament length,
f(Ω) = ftwist(Ω) +
K
4
Ω4R2. (20)
Analytical progress is hampered by the complicated
form of the twist free energy, Eq. (15). In the following
7FIG. 5: Plots of the equilibrium degree of bundle twist,
Ω∗, vs. bundle twist, R, for δΩc/ω0 = 0.1, 0.2, 0.3, δΩ¯c ≃
0.362, 0.4, 0.5, 0.6 and ∞, the groove-locked limit described
by eq. (25). The filled circle shows a critical point at
δΩ¯c ≃ 0.362, Ω¯∗ ≃ 0.407 and R¯ = 1.073, while the dashed
line shows region of first-order jumps in Ω∗ for δΩ¯c < 0.362.
we therefore assume the simplified expression
ftwist(Ω) =
ρCδΩ2c
2
[
1− e−(Ω−ω0)2/δΩ2c
]
, (21)
which captures the limiting groove-locked and groove-
slip behaviors of eq. (17) as well as the overall non-linear
dependence on Ω between these two limits.
In the following subsection, we analyze the structural
and mechanical properties of bundles in terms of two di-
mensionless parameters, R¯ ≡ R/Run and δΩ¯c ≡ δΩc/ω0,
where
Run =
√
ρC
Kω20
, (22)
is a characteristic bundle size at which the mechani-
cal cost of filament bending becomes comparable to the
linker-induced cost of twisting the filaments from their
native symmetry.
A. Size dependent bundle twist
We first analyze the equilibrium twist of self-assembled
bundles as function of lateral radius, R. According to
ftwist(Ω) crosslink-mediated torques prefer a constant
degree of twist, Ω = ω0. On the other hand, bending
resistance of filaments penalizes bundle twist in an R-
dependent manner due to the linear increase of filament
curvature with radial distance from the helical bundle
center.
Based on our expression for ftwist(Ω), For a fixed R
and ρ, the equilibrium bundle twist is determined from
the solutions to
(ρC)−1
∂f
∂Ω
= (Ω¯− 1)e−(Ω¯−1)2/δΩ¯2c + Ω¯3R¯2 = 0. (23)
where Ω¯ ≡ Ω/ω0 is the reduced twist. For the limiting
case of δΩ¯c ≫ 1, where linker shear is sufficiently strong
to maintain the high torque, groove-locked behavior over
the entire range 0 ≤ Ω¯ ≤ 1, the equilibrium bundle twist
satisfies a cubic equation,
(Ω¯− 1) + Ω¯3R¯2 = 0, for δΩ¯c ≫ 1. (24)
In this limit, the R dependence of the twist has the form
Ω¯(R¯) =
1√
3R¯
[
x1/3(R¯)− x−1/3(R¯)
]
, for δΩ¯c ≫ 1, (25)
where
x(R¯) =
√
27
4
R¯+
√
1 +
27R¯2
4
. (26)
In this groove-locked limit, the bundle is unwound con-
tinuously as R increases due to the increased cost of fil-
ament bending. In the limit of large bundles, R¯≫ 1, eq.
(25) predicts a power law dependence of optimal twist on
bundle size, Ω¯∗ ∼ R¯−2/3.
The range of groove-locked behavior is highly sensi-
tive to the degree of crosslinking as δΩc ∝ ρ, hence for
weakly crosslinked bundles as ρ→ 0 the torsional energy
dependence necessarily crosses over to groove-slip behav-
ior, becoming largely insensitive to Ω. Thus, in the most
general case, we expect the groove-locked predictions of
Ω∗ described by eq. (25) to hold only for sufficiently small
bundles where the groove-locked approximation predicts
that 1 − Ω¯∗(R¯) . δΩ¯c. Beyond this size, we expect the
decrease of Ω∗ with increasing size R to become more
rapid as the bundle slips from the high-torque region.
The full dependence of Ω∗ vs. R is shown in Fig. 5 for
several values of δΩ¯c < 1. These show that unwinding
of the bundle due to the increased bending cost of large
bundles becomes more rapid in comparison to the predic-
tions of eq. (25) as δΩ¯c is decreased. For a critical value,
δΩ¯c =
√
11
√
33
32 − 5932 ≃ 0.362, the sensitivity of twist to
bundle size becomes singular, δΩ∗δR → −∞, at R¯ ≃ 1.0731.
For δΩ¯c below this critical value, Ω∗ unwinds by a discon-
tinuous, first-order jump, as the elastic energy minimum
slips from the narrow high-torque behavior near Ω ≈ ω0
to the low-torque, groove-slip behavior of ftwist(Ω) for
ω0 − Ω . δΩc.
In this regime, the equililbrium state of twist is there-
fore highly susceptible to small changes in the mechanical
or geometrical properties of the bundle. Changing only
slightly bundle radius or crosslink density may result in
a sudden and strong reduction of the overall bundle twist
Ω¯.
B. Crosslinked bundles of helical filaments subject
to external torque
In this section, we demonstrate how this sensitivity
leads to a highly non-linear twist response when the
8FIG. 6: Bundle twist Ω as a function of reduced torque m = M/ρCω0, for different R¯
2 = 0.03, 0.1, 0.5, 1.0, 5.0. (left) A small
value of δΩ¯c = 1 allows to observe the discontinuous transition from groove-locked to slip as the external torque is increased.
(right) For a larger value of δΩ¯c = 5 the torque-twist relation is completely smooth.
bundle is subject to an external torque. Experiments
that probe the torque-twist relation of single molecules
have proven fruitful tools in advancing the understand-
ing of the mechanical properties of biopolymers, such as
DNA [32]. While the active manipulation of filament
bundles is still a very delicate task [33], experiments in
this direction may soon be feasible and may therefore
provide an indirect means to probe the elastic properties
of crosslinkers and their interactions with filaments.
In the presence of an external torque M , the free en-
ergy Eq. (20) becomes
f(Ω) = ftwist(Ω) +
K
4
Ω4R2 −MΩ . (27)
In the absence of the filament bending term ∼ KΩ4,
it is straighforward to see that the bundle is thermo-
dynamically unstable for any nonzero value of M . The
linear term −MΩ leads to a tilting of the twist free en-
ergy ftwist(Ω). As ftwist is asymptotically independent
of Ω, in the absence of bending resistance, the thermo-
dynamic groundstate is always the fully twisted state,
Ω → ∞. Physically, this means that increasing the ex-
ternal torque does not lead to restoring forces, e.g. in the
form of crosslink shearing. Instead, the bundle adapts to
the increased load by a reorganization of the crosslinks
into new binding sites.
Accounting for the mechanical cost of filament bend-
ing, the bundle is stabilized at a value of Ω, at which
the twist-induced bending energy of the filaments balance
the external torque. The full dependence of Ω vs. M is
shown in Fig. 6. For small values of δΩ¯c and R¯ the insta-
bility appears as a sudden change of Ω with the external
torque M . Note that due to the helical nature of the
filaments, the response of the bundle will be inherently
asymmetric and different for positive or negative torques.
Hence, careful measurements of the non-linear torsional
response of the self-assembled bundles should provide an
indirect, experimental means to probe the twist state of
crosslinked filaments.
V. LINKER-MEDIATED FILAMENT
ASSEMBLY
In the previous sections we have discussed the prop-
erties of bundles of a given radius R. In this section we
analyze the equilibrium thermodynamics of a system of
self-assembled filaments and consider the thermodynamic
stability of bundles of finite radius in the presence of a
fixed degree of crosslinking.
Here, we consider a system possessing a fixed total
number of filaments. In the bundled state, all filaments
are assumed to form bundles of a mean-size, R, and a neg-
ligible number of unbundled filaments remain dispersed
in solution. As described in eq. (1), each bound crosslink
contributes, −ǫ, of cohesive free energy. In the bulk of a
self-assembled aggregate, crosslinks contribute−3ρǫσ per
unit filament length, as there are 3 crosslinking “chan-
nels” per filament in the interior of the bundle. At the
outer boundary of the bundle, there are fewer crosslinks,
roughly 3/2ρσL fewer cohesive bonds times the number
of filaments at the surface of the bundle, Ns. For a large
bundle with a circular cross-section, we may estimate
Ns ≃ 2πR/d so that the net cohesive free energy per
unit filament length from crosslinked bundle of size R
has the form,
Fcoh/NfL = −3ρǫσ + 3ρσǫ
ρ0dR
, (28)
where ρ0 = d
−2/
√
3. Combining the cohesive energy with
the elastic costs of linker shear and filament bending we
may write the total free energy per unit filament length,
f(Ω, R) = ftwist(Ω) +
ρCω20
2
[Ω4R2(ρc/ρ)
2ω40d
2
+
(ǫ/ǫc)
dρ0R
− ǫ/ǫc
]
,(29)
where the ratio of bend to twist moduli define a charac-
teristic crosslink fraction,
ρc =
K(ω0d)
2
C
, (30)
and
ǫc =
Cω20
6σ
, (31)
9FIG. 7: (left) Bundle twist Ω in thermodynamic equilibrium as function of v for various value of ρS/ρ = 0, 1, 1.333, 1.5, 2, 3.
(right) A sketch of the resulting phase diagram indicating the discontinuous transition from groove-locked (L) to groove-slip (S).
The critical point shifts along the dashed line, when the effective stiffness of crosslinks, as characterized by ρS/ρc is changed.
is a characteristic cohesive energy scale. The thermo-
dynamics of filament assembly are characterized by the
dependence of the equilibrium, free energy minimizing
values of R and Ω on ρ and ǫ. It is straightforward to
show that the value of R minimizing f(Ω, R) at fixed
Ω is determined by a balance between the cohesive and
bending energies of the bundle, satisfying
R3∗(Ω) =
d
ρ0(Ω/ω0)4
(ǫ/ǫc)(ρ/ρc). (32)
Thus, the growth of equilibrium radius is quite generally
correlated to decreasing twist for self-assembled bundles,
and a non-zero measure of bundle twist implies a finite
equilibrium radius.
Using the definition of δΩc, Eq.(18), we can define an-
other characteristic crosslink fraction,
ρS ≡ ω0ρ
δΩc
=
6
√
3
π
ω0λ (33)
that characterizes the crosslink density below which the
bundle “slips” to the low-torque elastic energy at Ω = 0.
With the solution for R∗, Eq. (32), and the form of ftwist
from eq. (21), we may rewrite the reduced energy density
purely in terms of the reduced twist, Ω¯,
f(Ω¯)
ρCω20
=
(ρ/ρS)
2
2
[
1−e−(Ω¯−1)2/(ρ/ρs)2
]
+
3
4
v(ρ, ǫ)Ω¯4/3−ǫ/ǫc,
(34)
where,
v(ρ, ǫ) ≡ 31/3 (ǫ/ǫc)
2/3
(ρ/ρc)1/3
. (35)
The reduced form of the free energy density, eq.
(34), demonstrates that the phase behavior of helical
crosslinked bundles is determined by two dimensionless
parameters: ρ/ρS and v. Consequently the thermody-
namic dependence of the assembly on crosslink density
and cohesive energy of crosslinks is encoded in the ρ and
ǫ dependence of these parameters.
The first term in eq. (34), representing the crosslink-
mediated torsional energy, is minimized at Ω¯ = 1, while
the second term, representing the combined cohesive and
bending energies is minimized at zero twist, Ω¯ = 0.
Hence, generically f(Ω¯) may be characterized by two
minima, whose relative depth is determined by ρ/ρS and
v. It is straightforward to analyze the case of rigid linkers,
for which we expect ρ/ρS ≫ 1 over the range of filament
assembly and where the first term in eq. (34) adopts the
groove-locked limit, (Ω¯−1)2/2. In this case, we minimize
the reduced free energy density for the limiting cases,
Ω¯∗ ≃
{
1− v, for v ≪ 1 and ρ≫ ρS
v−3, for v ≫ 1 and ρ≫ ρS
(36)
we note that in the limit of v ≪ 1 and ρ/ρS ≫ 1 the
minimum of f(Ω¯) corresponds to the groove-locked state,
Ω¯∗ → 1 from which we find the following dependence of
equilibrium bundle size on ρ and ǫ,
R∗ ≃ d
{
(ǫ/ǫc)
1/3(ρ/ρc)
1/3, for v ≪ 1 and ρ≫ ρS
3(ǫ/ǫc)
3(ρ/ρc)
−1, for v ≫ 1 and ρ≫ ρS
,
(37)
where we have used (d/ρ0)
1/3 ≈ d. Stable, micro-
scopic bundles are associated with the limit of high cross-
link density and relatively weak cohesive energy per link
where v ≪ 1 while ρ ≫ ρS . As one might have ex-
pected, eq. (37) suggests that due to the adhesive effect
of crosslinking, bundles grow with increasing ǫ, as larger
bundles imply smaller surface effects. Perhaps more sur-
prising, the v ≪ 1 limit of this model predicts that at
large linker densities bundles assemble to a finite size
that grows with increasing fraction of bound crosslink-
ers, growing as R∗ ∼ ρ1/3. In this regime the bundle is
fully twisted, so filaments have to bend in order to be
incorporated into the bundle. Increasing bundle size is
therefore only possible when the mechanical cost of fil-
ament bending is offset by the cohesive energy gain of
adding crosslinks.
In the limit of large v, note that the size of equilibrium
bundles also diverges in the limit of small linker fraction
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as R∗ ∼ ρ−1, indicating a smooth crossover to a state of
unlimited, macroscopic filament assembly in the ρ → 0
limit.
It is straightforward to determine the full equation of
state for an arbitrary value of ρS , relating equilibrium
twist, Ω¯∗, to ρ and ǫ from df/dΩ¯ = 0,( ρ
ρS
)2
= − (1 − Ω¯∗)
2
ln
[
vΩ¯
1/3
∗ /(1− Ω¯∗)
] . (38)
The solutions to this equation of state are shown in Fig. 7,
where we plot Ω∗ as a function of v for constant values
of ρ/ρS . These results show that equilibrium twist de-
creases from ω0 both with decreased ρ/ρS as well as with
increased v. Underlying the unwinding of equilibrium
bundles are two effects, driven by decreasing crosslink
fraction. First, as the number of crosslinkers in the bun-
dles is reduced, the strength of the intrinsic torques that
drive the bundle towards Ω¯∗ = 1 is correspondingly re-
duced. Second, v diverges as ρ→ 0 indicating a dramatic
increase in the relative importance of filament bending
in the elastic energy, further enhancing the preference to
untwist the bundle. According to eq. (32) equilibrium
bundles grow in radius as they unwind, and ultimately
diverge in size at the untwisted, Ω = 0 state.
Fig. 7 shows this unwinding with decreased ρ may
occur either continuously or discontinuously, accompa-
nied by a rapid jump in equilibrium twist. From the
equation of state, Eq. (38), we find a critical value
v = v⋆ = 3/2
4/3e ≃ 0.438 that separates smooth from
discontinuous bundle untwisting. At this critical point,
ρ⋆/ρS = 3/4,Ω⋆ = 1/4 [35]. For v < v∗ the equilib-
rium twist state jumps from the groove-locked minimum
of f(Ω¯) near Ω = ω0 to the nearly unwound groove-slip
state. This discontinuous and highly non-linear thermo-
dynamic dependence of self-assembled bundles derives
from the non-linear interplay between linker shear and
filament twist encoded in ftwist(Ω).
We now proceed to sketch the possible phase diagrams
of self-assembled filament systems. We begin by analyz-
ing a transition between the 2 torsional states of self-
assembled filament arrays, groove-locked vs. groove-slip.
In terms of parameters ǫ and ρ we sketch the twist-
state phase diagram of Fig.7b. Thermodynamically sta-
ble finite-sized bundles are associated with the groove-
locked regime (L), while in the slip regime (S) radial bun-
dle growth is nearly unlimited in equilibrium as Ω∗ ≈ 0.
The line of discontinuous transitions between locked and
slip regime terminates at the critical point. The tran-
sition line can approximately be calculated by compar-
ing the Ω → ω0 solution (f/(Cρω20) → 3v/4 − ǫ/ǫc,
groove-locked) with the Ω → 0 solution (f/(Cρω20) →
(ρ/ρS)
2/2 − ǫ/ǫc, groove-slip). Note, that this calcula-
tion will not be accurate close to the critical point, where
Ω∗ ≈ ω0/4. Equating these two limiting forms of the en-
ergy, we find a relationship between ǫ and ρ, satisfied at
the (LS) boundary,
ǫ(LS)/ǫc ≃ (2/3)3/2(ρ/ρc)7/2(ρc/ρS)3 (LS). (39)
Across this line of first order transitions, the equilibrium
twist of bundles slips from a nearly groove-locked state
with Ω ≈ ω0 of microscopic size to a nearly untwisted
and macroscopically sized bundle.
The location of the critical point follows from the con-
dition v = v⋆ ≈ 0.438 which gives
ǫ/ǫc = v
3/2
∗ (ρ/ρc)1/2. (40)
This critical branch is sketched as a dashed line in Fig. 7b.
Hence, with increasing ρS , say by decreasing linker shear
stiffness, the (LS) boundary and the critical point shift to
larger values of ρ. Notice that the bundle phase diagram
has the familiar form of a liquid-gas transition. Stable
finite-sized bundles correspond to the “condensed” phase,
while in the “gas-phase” the bundles are large and nearly
untwisted. Below a critical value of ǫ corresponding to v∗,
there is a well-defined first-order transition between these
states at a certain linker density. For sufficiently strong
cohesive energies the state of untwisted, macroscopic as-
sembly evolves continuously to the state of finite-sized
bundles at high linker fraction.
In addition to the “microscopic” and “macrosopic”
bundle phases, we also consider the possibility of a state
of unassembled filaments, where no bundles form and fil-
aments remain uncrosslinked. Neglecting entropic contri-
butions, such as translational entropy of linkers and fila-
ments, the free energy density in the filament phase van-
ishes, ffil = 0, as free filaments are mechanically undis-
torted. Thus, the state of bundled filaments is stable with
respect to unbundled filaments where the free energy of
Eq.(29) remains negative, indicating a net lowering of the
free energy due to crosslink binding. The phase bound-
ary, f(Ω⋆, R⋆) = 0, can be determined approximately by
assuming the limiting cases of groove-locked (Ω = ω0)
and groove-slip (Ω = 0). Equating the energy density
of the groove-locked bundles to the free filament case,
we find the condition satisfied along the twisted, bun-
dle/filament (BF) phase boundary,
ǫ(BF)/ǫc ≃
81
64
(ρ/ρc)
−1. (41)
We may also estimate the phase boundary between un-
twisted, macroscopic bundle assembly and free filament
phase, denoted as (UF), by comparing the free energy of
the state with Ω = 0 and R→∞ to the free filament en-
ergy in both the groove-locked and groove-slip regimes.
From eq. (34), we find this boundary satisfies,
ǫ(UF)/ǫc ≃
{
1
2 (ρ/ρS)
2 for ρ≪ ρS
1
2 for ρ≫ ρS
. (42)
Based on the ǫ- and ρ-dependence of these boundaries,
we sketch two basic scenarios for the diagram of state of
bundle assembly of crosslinked helical filaments, based on
the interference of the (LS), (BF) and (UF) boundaries.
When ρS < 2.53ρc, the critical point at v∗ and ρ∗ lies
deep within the filament phase and the (LS) line is not
11
FIG. 8: Sketches of the two scenarios for the state diagram of bundle assembly in the ǫ−ρ plane: rigid linkers, ρc/ρS ≫ 1 (left);
and flexible linkers, ρc/ρS ≪ 1 (right). For ρS < 2.53ρc the critical point is not relevant as it would lie deep inside the filament
phase (left). The dashed line indicates the crossover between microscopic, finite-sized bundles and macroscopic bundles with
diverging size. (right) For ρS > 2.53ρc the critical point (ρ⋆, ǫ⋆) is inside the bundle phase (shown as filled circle). The triple
point (ρT , ǫT ) signals coexistence of the filament and the two assembled filament phases (shown as open circle).
relevant. This is the limit of effectively rigid linkers, char-
acterized by ρc/ρS ≫ 1. We sketch the phase behavior
in Fig. 8a. Here, the boundaries (UF) and (BF) meet at
the point ǫ = ǫc/2 and ρ = 81/32ρc ≃ 2.53ρc. Below this
critical value of cohesive energy of crosslinks, ǫc/2, bun-
dles only form at crosslinker fractions that are larger than
1.27ρc(ǫc/ǫ). Bundles formed for this low-cohesive en-
ergy regime are twisted and grow in size with increasing
crosslinking density as R∗ ∼ ρ1/3. For smaller crosslink
densities, the filaments remain in the dispersed state, al-
lowing for a narrow region of slip-induced, macroscopic
filament assembly predicted for ρ . ρS . For ǫ > ǫc/2 fil-
aments assemble at all crosslinker fractions, with a state
of macroscopic bundle assembly crossing over to micro-
scopic, twisted bundles as ρ increase from 0 to values of
order ρc.
The second scenario, ρS ≥ 2.53ρc, occurs in the limit
of flexible linkers. In this case the critical point lies in-
side the regime of linker-mediated filament assembly, as
shown in Fig. 8b. In addition to the line of first-order
transitions separating the groove-locked and groove-slip
states of bundles, we also have a triple point, at which the
two bundle phases, macroscopic and microscopic, coexist
with the state of dispersed filaments. From the scaling
expressions given for (BF) and (UF) we locate the triple
point at
ρT/ρc ≃ 1.36(ρS/ρc)2/3, ǫT/ǫ ≃ 0.93(ρS/ρc)−2/3. (43)
In this case, bundled phases form for all cohesive energies,
ǫ > ǫT, with a line of first-order transitions that sepa-
rates the phase of macroscopic, nearly untwisted bundles
at low linker densities from the phase of small radius,
twisted bundles at high linker density and terminates
at the second order critical point. For weaker cohesive
energy per crosslinker, there are three possible states
of filament assembly. At low density of bound linkers,
ρ < ρ(UF), we predict a phase of untwisted, macroscopic
filament assembly. For intermediate densities of linkers,
ρ(UF) < ρ < ρ(BF), we predict a state of unbound and dis-
perse linkers. Finally, at the highest densities of linkers,
ρ > ρ(BF), we find a re-entrant state of twisted, filament
bundles, whose finite diameter grows with linker density
as R∗ ∼ ρ1/3.
VI. CONCLUSION
In this study, we have analyzed a coarse-grained model
for crosslinking in ordered arrays, or bundles, of helical
filaments. A primary result of this model is a quanti-
tative relationship between the presence of crosslinkers
in bundles, and intrinsic torques that act to coherently
twist entire bundles superhelically around their central
axis. Such global distortion naturally competes with the
mechanical cost of bending stiff filaments, providing a
complex feedback between the torsional structure, size
and thermodynamics of bundle assembly. Along with
the total number and binding affinity of crosslinkers, the
key parameters governing the structure and assembly of
crosslinked bundles include the elastic properties of the
filaments and the linkers themselves. Indeed, we find the
ratio λ =
√
C/Γ of linker stiffness Γ to filament stiffness
C to be particularly important for controlling not only
the structure and properties of self-assembled bundles,
but also the sensitivity of these properties – size, twist
and stability – to changes in the availability and affinity
of crosslinkers.
The effective torsional elastic energy of bundles de-
rived in Sec. III describes an intrinsic frustration be-
tween shear distortion of crosslinks that bind together
neighboring filament grooves and the torsional elastic re-
sponse of filaments themselves. In the limiting case of
perfectly rigid linkers, where λ→ 0, our model is not un-
like the elastic model of coiled-coils of Neukirch, Goriely
and Hausrath [28], in which adhesive interactions be-
tween neighboring helical molecules maintain grooves in
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perfect registry. Geometrically, this can be accomplished
either by untwisting the rotation of the grooves or by
superhelically twisting the filaments about the bundle
axis. The twist elastic energy of the filaments is minimal
for the state of perfect superhelical twist, Ω = ω0. De-
viations from this optimal geometry, while maintaining
perfect groove contact, are described by a coarse-grained
twist free-energy cost, ftwist = ρC(Ω− ω0)2/2.
Our theory generalizes the coiled-coil model of perfect
groove contact in two ways. First, grooves only main-
tain contact over fraction, ρ, of the length of the fila-
ments due to the finite density of crosslinkers between
any filament pair. This distinction accounts for the ρ
dependence of the effective torsional modulus, ρC of the
stiff-linker regime, a significant effect in the context of
linker-mediated assembly.
The second important and novel effect captured by
the model is the elastic compliance of the linker bonds
themselves. Flexibility of bound linkers gives rise to
highly nonlinear torsional properties of the bundles them-
selves. The twist elastic behavior predicted by the case of
groove-locked contact, gives way to a highly-twist com-
pliant state (“groove-slip”) when deviations from the op-
timal twist geometry are large, |Ω − ω0| & δΩc. The
crossover twist δΩc ∼ ρ/λ, which delineates the groove-
locked from the groove-slip regime, increases both with
increased linker density, ρ and increased linker stiffness
Γ. Hence, untwisting bundles out of the groove-locked
into the groove-slip state indicates a shift in the mechan-
ical load from filament twist to in-plane crosslink shear
distortions. In this limit the elastic cost is insensitive to
bundle twist Ω, and given by ftwist = ρCδΩ
2
c/2 ≃ ρ3Γ.
The distinction between a purely harmonic twist en-
ergy for stiff linkers and a non-linear twist energy for
flexible linkers has key consequences for the structural
and mechanical properties of crosslinked, helical filament
bundles. This is reflected in the optimal rate of bundle
twist, a property that is determined not only by a bal-
ance of the cost of linker shear and filament twist, but
also the mechanical costs associated with filament bend.
The costs of filament bending are themselves highly sen-
sitive to the lateral radius of the bundle due to the in-
creased curvature of filaments away from the bundle cen-
ter [23]. In the case of rigid linkers grooves remain locked
in close contact, so that the optimal twist derives purely
from the competition between the bending cost of rotat-
ing filaments superhelically in the bundle, and the twist
elastic cost needed to maintain groove-alignment when
filaments are parallel. This balance is described by the
results of eq. (25), where the increased cost of bending
filaments in large bundles leads to a continuous unwind-
ing as Ω ∼ R−2/3.
In contrast, bundles bound by relatively flexible link-
ers are much more sensitive to bundle size, the sensitiv-
ity ultimately becoming singular when δΩc ≤ 0.362ω0.
These flexibly crosslinked bundles exhibit a discontinu-
ous drop in Ω as a function of R, as the bundle rapidly
jumps between the groove-locked and groove-slip behav-
iors. Hence, in this flexible linker regime, the unwind-
ing of bundle twist with increased size is largely deter-
mined by a competition between filament bending and
linker shear due to misaligned grooves. A similar dis-
tinction is predicted for the non-linear torsional response
of bundles: Ω depends continuously on externally ap-
plied torque for rigidly crosslinked bundles; while flexibly
crosslinked bundles are multi-stable, exhibiting discon-
tinuous transitions between groove-locked and groove-
slip states driven by external torque.
These non-linear structural and mechanical properties
reflect the frustration of the geometry of crosslinking
within helical filament bundles that ultimately gives rise
to intrinsic mechanical torques that lead to self-limiting
bundle assembly. Considering the thermodynamically
optimal state of twist and radius for a system of associ-
ating filaments and linkers, we found two basic scenarios
for the dependence of assembly behavior on the num-
ber and affinity of crosslinkers, as parameterized by ρ
and ǫ, respectively. For the case of rigid linkers (shown
in Fig. 8a), we find that assembled filaments maintain
the high-torque, groove-locked state over the relevant
range of their assembly. Above a critical cohesive en-
ergy per crosslinker, ǫc/2, we predict that filament as-
semblies form at all linker densities, with macroscopically
large and untwisted assembly behavior at low ρ cross-
ing over continuously to a regime of twisted and finite
sized bundles at large ρ. For less cohesive crosslinking
bonds, ǫ < ǫc/2, we find that filaments remain largely
unbundled below a linker density ρ . ρc, above which
they form twisted bundles whose lateral size grows as
R∗ ∼ ρ1/3. For bundles crosslinked by flexible linkers
(behavior shown in Fig. 8a) the transition between highly
and weakly twisted states as function of increased ρ is
discontinuous below a critical value of ǫ. We also find
that finite-sized bundles, untwisted macroscopic assem-
blies and unbundled, free filaments coexist at a triple
point whose precise location is sensitive to the flexibil-
ity of linkers as parameterized by ρS . For values of ǫ
below this triple point, we predict that macroscopic as-
sembly occurs in the limit of small ρ, giving way to a
dispersed filament phase at intermediate ρ-values and at
the highest range of linker density, a re-entrant phase of
finite-sized linker mediated bundles occurs.
The rich spectrum of possible assembly behavior can
be fully classified in terms of three parameters. The fun-
damental cohesive energy scale is determined by ǫc ∝
Cω20σ
−1, which corresponds to the energy of untwist-
ing the intrinsic rotation of the helical grooves of the
filaments. The different modes of elastic deformation
induced by crosslinkers in helical filament bundles ac-
count for the presence of two fundamental scales of bound
crosslinker fraction, ρ. The first, ρc ∝ K(ω0d)2/C,
can be understood as the ratio of the mechanical costs
of two pair-wise filament geometries: Kω40d
2, roughly
the bend cost of winding a filament pair into a groove-
locked coiled-coil geometry; and Cω20 , the mechanical
cost of untwisting the intrinsic helical grooves into par-
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allel filaments. We find that for flexible crosslinks, ρc
sets a lower limit for the fraction of bound crosslinkers
at which self-limited bundles form, suggesting that self-
assembled bundles are thermodynamically favored when
the cost of filament bend is relatively small compared
to the cost of filament twisting. The final parameter,
ρS ∝ λω0 ∝ (Γ/C)1/2ω0, reflects the relative elastic
cost of linker shear to filament twist and determines the
density of crosslinkers below which high-torque, groove-
locked bundle states crossover to low-torque, groove-slip
behavior. Hence, we can classify the thermodynamic dis-
tinctions between linker-mediated assembly by the ratio
ρc/ρS which is much greater or less than 1 for the respec-
tive rigid and flexible behaviors depicted in Fig. 8.
The predictions of our coarse-grained model are most
directly relevant to the formation of parallel actin bun-
dles [3], self-organized cytoskeletal filament assemblies
that form in a variety of cellular specializations under the
influence of compact crosslinking proteins [4–6]. There is
a range of experimental evidence of parallel actin bun-
dles formed in vivo [15–18] and in vitro [11–13] show-
ing that the presence of certain crosslinking proteins af-
fects the torsional state of bundled filaments, leading to
a modest adjustment of the rotation rate of primary he-
lix formed by the actin monomers. Recent small-angle
scattering studies suggest, in fact, that the presence of
different crosslinking proteins modify the twist of bundle
actin filaments to a similar degree, but reconstituted solu-
tions of actin bundles exhibit a remarkably different sen-
sitivity to the concentration of crosslinking proteins [13].
The crosslinking protein fascin, a primary component of
filopodial bundles [6], was shown to assemble filaments
into bundles with a continuously variable degree of fil-
ament twist, while the crosslinking protein espin [5], an
abundant crosslinker in microvillar and mechanosensitive
stereosciliar bundles, drove a discrete transition between
the native state of twist and the torsional geometry of the
“fully-bundled” actin filaments. Theoretical studies of a
model actin filaments in bulk, parallel arrays attribute
this difference in twist sensitivity to differences in the
stiffness of the crosslinking bonds themselves [13, 30].
In our model, we show that the presence of crosslink-
ing bonds in parallel arrays of helical filaments not only
modifies the torsional geometry of individual filaments,
but in general determines the amount of global twist of
the entire bundle assembly. In particular, we show that
the competition between the inter-filament geometry pre-
ferred by crosslinking and the bend elasticity of filaments
mediates an intrinsic feedback between the lateral assem-
bly size and the amount of superhelical twist. An impor-
tant and general prediction of our model is the appear-
ance of a thermodynamically stable phase of finite radius
bundles at sufficiently high crosslink fractions that ex-
hibits a linker dependent equilibrium radius, R∗ ∼ ρ1/3.
Claessens et al has explored the dependence of actin bun-
dles formed in reconstituted solutions of filaments and
the crosslinker, fascin [11]. Above a critical ratio of fascin
to actin monomer, r, they found that the mean diame-
ter of bundles formed exhibited a powerlaw dependence,
R∗ ∼ r0.3, for small bundles, consistent with the predic-
tions our coarse-grainedmodel, which predict that the ra-
dius of twisted bundles grows with bound linker fractions
as R∗ ∼ ρ1/3. Hence, our model establishes a thermody-
namic link between simultaneous influence of crosslinker
fraction on bundle size and degree of filament twist in
these actin/fascin experiments. Additionally, our the-
ory establishes a range of further predictions on both the
affinity and flexibility of crosslinking proteins, suggest-
ing the need for further experiments on the influence of
size and structure of parallel actin bundles on properties
of crosslinkers. Notably, the implied differences in the
compliance between fascin and espin crosslinks should
be correlated with measurably differences in the assem-
bly thermodynamics of reconstituted bundle forming so-
lutions.
In summary, we have found that although crosslink-
ing bonds between helical filaments mediate net cohe-
sive interactions between filaments, the complex inter-
play between the mechanics of linker and filament dis-
tortions ultimately gives rise to a nontrivial dependence
of the structure of self-assembled bundles on the number
of bound linkers. We quantitatively model the thermody-
namic influence of a number of microscopic parameters,
from filament stiffness and intrinsic twist to the affinity of
crosslink bonds. Among these, we show that the stiffness
of the linkers themselves account for remarkable differ-
ences in the sensitivity of bundle structure to the avail-
ability of crosslinks. It is natural to expect that living
systems may exploit the intrinsic frustration of crosslink-
ing in helical filament bundles as robust means of regulat-
ing the size and structure of self-assembled bundles, not
by modifying properties of the filaments, but instead by
carefully regulating the number and type of crosslinking
proteins alone.
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Appendix A: Out-of-plane shear
In this appendix we demonstrate how out-of-plane
shear deformations of crosslinkers may partially relax
through a coupling to in-plane shear modes. General-
izing eq.(1) we consider an energy of crosslinking,
Elink = −ǫ+ k⊥
2
∆2⊥ +
k‖
2
∆2‖ , (A1)
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that contains, next to the in-plane shear deformations,
∆⊥, the out-of plane shear, ∆‖, which can be associated
with filaments tilting into the plane of lattice order. In
a twisted bundle, filaments are increasingly tilted along
the azimuthal direction as the radial distance from the
bundle center increases,
tˆ(r) ≃ zˆ +Ωzˆ × r, (A2)
where r is the radial vector from the center of the bundle.
The in-plane distance between crosslinking points is fixed
to a′ = d−2a, and we can relate the out-of-plane shear to
the average tilt angle, θij , of two neighboring filaments
∆‖ = 2a′ sin θij = 2a′tˆ · rˆij = 2a′Ω(zˆ × r) · rˆij (A3)
where r in this equation refers to the mean in-plane po-
sition of filaments i and j and rˆij is a unit vector that
points from one filament to the other. Hence, in the
twisted geometry, out-of-plane shear depends on |rˆij×r|,
and is different for different filament pairs in the bundle.
As we are interested in ∆2‖, we can replace |rˆij × r|2
with its average over the 6-fold nearest neighbor direc-
tions on the hexagonal lattice, 〈|rˆij×r|2〉 = r2/2 and the
neighbor-averaged shear becomes,
〈∆2‖〉 = 2a′2(Ωr)2. (A4)
Notice that this shear is insensitive to φ(z), unlike ∆⊥.
As described in eq. (A3), out-of-plane shearing oc-
curs when neighboring filaments, say + and −, sharing
crosslinks, tilt along their nearest neighbor separation
vector, rˆ+−, making an angle θ0, relative to the straight
configuration as shown in Fig. 9.
This assumes the crosslinks to bind in the “horizon-
tal” x − y plane, which is perpendicular to the bundle
axis. However, if we allow the crosslinks to relax their
binding geometry at fixed ρ after shear takes place, then
the actual shear angle of the crosslinks θ, may be re-
duced from the shear angle of the crosslinks, θ0. This
proceeds by shifting the linker ends bound to the +
(−) filament “upstream” (“downstream”), by an amount
δz+ = δ/2 (δz− = δ/2) and reduces the out of plane
shear to ∆‖ = a′θ0 − δ.
The amount of linker shift, δ, is determined from the
competing effect of in-plane shear. Due to the rota-
tion of the filament groove, as described by ψ′, the shift
of crosslink ends also alters the in-plane shear angle to
ψ + ψ′δ, where we assume that the rotation profile for
both filaments is identical. Integrating the in-plane shear
along one binding zone from z = −ρℓ to z = +ρℓ and not-
ing from the analysis of Sec.III that ψ(z) = −ψ(z) while
ψ′(z) = ψ′(−z), the elastic contribution per unit length
from out of plane shear from a single-binding zone can
be written as,
E‖(δ)/L =
Γρ
8
δ2〈ψ′2〉ρ + ρΓ
′
2
(
θ0 − δ
a′
)2
, (A5)
where
〈ψ′2〉ρ ≡
∫ ρℓ
−ρℓ dz ψ
′(z)
ρℓ
, (A6)
FIG. 9: A schematic of linker binding reorganization in re-
sponse to an out-of-plane shear cost for 2 filaments grooves
labeled “+” and “-”. Linkers are sheared with respect to
the filament backbones by angle, θ, when a filament pair tilts
along the direction of nearest neighbor separation, as shown
in the middle. The shifting the bound ends of linkers up- and
down-stream respectively from the + and - filaments, the links
may relax the shear angle made with respect to the filament
from the tilt angle, θ+−, as shown on the right.
and Γ′ = k‖a′2σ. Minimizing over the shift of bound
linker ends we find,
δ∗/a′ = θ0
Γ′
Γ′ + Γa′2/4
, (A7)
and an effective free energy contribution per unit length
of the interfilament groove,
E‖/L =
ρ
2
θ20〈ψ′2〉ρ
ΓΓ′a′2
4Γ′ + Γ〈ψ′2〉ρa′2 . (A8)
Thus, we find that the coupling between out-of-plane
and in-plane shear modes leads to a tilt-dependence
renormalization of the torsional energy of the filaments
(∼ C〈ψ′2〉ρ).
In the limit that linkers are softer to out-of-plane shear
than to in-plane shear, or Γ′ ≪ Γ, the contribution to the
bundle energy from the out-of-plane shear is clear neg-
ligible compared to the in-plane cost. From eq. (A8)
we find that also in the limit that Γ′ ≫ Γ, the out-of-
plane shear leads to a renormalization of the effective
twist modulus of filaments, Ceff = C + ρ(Ωr)
2Γa′2/16,
using 〈θ20〉 = (Ωr)2/2. Relative to the effective energy an-
alyzed in Sec.IV and V, the net correction to the linker
mediated-twist energy of the bundle from out-of-plane
shear mode ultimately represents a higher-order term in
Ω, proportional to Ω2(Ω − ω0)2, and therefore, will not
strongly alter the quantitative analysis of bundle ther-
modynamics from the Γ′ = 0 case.
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